We investigate the temperature dependent spectral properties of a single defect in hexagonal boron nitride (hBN). We observe a sharp zero-phonon line (ZPL) emission accompanied by Stokes and anti-Stokes optical phonon sidebands assisted by the Raman active low-energy (≈ 6.5 meV) interlayer shear mode of hBN. The spectral lineshape around the ZPL is measured down to 78 K, where the linewidth of the ZPL is measured as 172 µeV. By employing a quadratic electron-phonon interaction, the temperature dependent broadening and the lineshift of the ZPL are found to follow T + T 5 and T + T 3 dependence, respectively. Furthermore, the temperature dependent lineshape around the ZPL is modeled with a linear electron-phonon coupling theory, which allowed us to calculate the Debye-Waller factor as 0.59.
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Understanding the basic optical properties of the isolated quantum light sources and controlling their emission properties allow these sources to be used effectively in many areas within quantum information technologies. In the literature, semiconductor quantum dots, single molecules, and nitrogen vacancy centers in diamond are widely studied systems among a large number of known single photon sources [1] . In particular, isolated color centers in three-dimensional materials (i.e., diamond, silicon carbide, zinc oxide) with wide bandgap are of great interest as single-photon sources. Recently, efficient single-photon generation from transition metal dichalcogenides (TMDC) and defects in hBN are demonstrated [2] [3] [4] [5] . Each of these materials has their own advantages in terms of operating conditions (such as working temperature or radiation energy), which can be important for different applications.
In particular, defects in hBN have attracted a great interest due to their unique advantages. The quantum nature of the emission obtained from defects in this material is not limited to only cryogenic temperatures, which indeed can be preserved for up to 800 K [6] . In addition, because of its large bandgap (≈ 6 eV), it can host several defect types which can emit over a large spectral range [7] . Finally, due to the two-dimensional nature, the optically-active defects in the hBN can be very close to the sample surface and they can interact very efficiently with other two-dimensional structures and photonic devices [8] . Despite the novel properties, the ZPL emission from a decet in hBN seems to be strongly affected by the vibrational properties of the crystal [7, [9] [10] [11] , which might influence the performance of these sources greatly for the applications.
In this letter, we present a quantitative study on spectral properties of an optically active single defect in hBN. A sharp ZPL and Raman-active interlayer shear mode assisted optical phonon sidebands are observed in the lowtemperature emission spectrum. We perform temperature dependent photoluminescence measurements and compare the spectra with the theoretical model which is based on the electron-phonon interaction by taking into account the linear and quadratic displacement terms. With acoustic phonons couple to electronic states of the defect through the deformation potential and piezoelectric coupling, we show that the spectral properties of ZPL emission are strongly governed by the vibrational properties of the hBN. An excellent agreement between the experimental and theoretical calculations reveal that the relevant theoretical model can be used to accurately calculate the Debye-Waller and Huang-Rhys factors, both of which are commonly used to determine the potential of the emitter for applications.
In this work, multilayer hBN flakes (obtained in a solution from Graphene Supermarket) drop-casted on silicon dioxide substrate were used as the material system. Optical properties of the sample were investigated using a confocal micro-PL system as shown in Fig. 1 (a) . The sample is placed in a liquid nitrogen cryostat and mounted on a high precision XYZ translation stage. A microscope objective (NA = 0.5) is used to focus the excitation source (Argon laser at 488 nm) on the sample and to collect the emission, which is later dispersed on a monochromator equipped with an 1800 grooves/mm grating and an EM-CCD camera (spectral resolution ≈ 120 µeV at the studied wavelength). Figure 1 (b) shows a spatially resolved normalized PL map of a multilayer hBN structure. Five isolated defects (≈ 1.2 µm in size, limited by the spot size) with different ZPL energies are clearly visible. All results reported here were obtained from the selected defect that has an asymmetric ZPL emission around 2.2 eV (563 nm) at 103 K as shown in Fig. 1 (c) . The linewidth of the peak is about 200 µeV, which is close to the resolution of the system. The spectrum also shows a small peak on the lower energy side of the ZPL with a detuning of −6.6 meV.
To understand the origin of the spectral features, such as the position of the peaks with respect to each other and the asymmetric lineshape of the ZPL, the interac- tion between the excited electron of the defect and the vibrational properties of the host crystal needs to be considered. Phonon dispersion of hBN shows three acoustic phonons with energies up to ≈ 140 meV and 9 zonecenter optical phonons. Four of these optical phonons are LO-TO degenerate Raman-active (E 2g ) with energies reported as ≈ 6.5 meV for interlayer shear mode and ≈ 169 meV for in-plane mode in bulk structures at room temperature [12] [13] [14] [15] . A typical PL spectrum of an optically active defect in hBN, therefore, consists of a ZPL broadened by the interaction with acoustic phonons and the phonon sidebands at certain energies assisted by the emission of optical phonons. A phonon sideband due to the emission of high-energy in-plane E 2g phonons is observed in the PL spectrum of a single defect in hBN [5, 16] . Low-energy E 2g phonon assisted sideband emission coupled to an indirect excitonic emission from a large area in bulk hBN has been observed [17] , but has not been reported from a single defect yet mostly because of its very weak interlayer interaction with a defect that is well confined to a small area in a single layer. In additon, this mode has also a much lower polarizability [15] with respect to the higher-energy Raman-active phonon mode as confirmed by the large ratio of their intensities (a factor of ≈ 50) observed in Raman signal of bulk hBN [13, 14, 18] . The peak on the lower energy side of the ZPL (Stokes emission) with a detuning of −6.6 meV is considered to be the phonon sideband emission from the defect. It is assisted by the emission of low energy Raman active phonon mode of the hBN crystal at the Γ point. As the thermal energy k B T = 8.8 meV at 103 K is larger than the energy of the phonon mode, a weak sideband on the higher energy side of the ZPL (anti-Stokes emission) due to the absorption of this phonon is expected. As shown in the inset of Fig. 1 (c) , a small peak with a detuning of ≈ 6.3 meV is observed on the higher energy side of the ZPL. The slight asymmetry between the energies of the Stokes and the anti-Stokes peaks might arise from different coupling strength of ground and excited states of the defect to the phonon mode [19] . To the best of our knowledge, this is the first observation of low energy Raman-active phonon modes in a PL spectrum of a defect in hBN.
To quantify the influence of electron-phonon interaction on the spectral properties of the observed emission, we performed systematic temperature dependent micro-PL measurements on the selected defect under same excitation power and polarization conditions. Figure 2 (a) shows the normalized PL spectra of the defect taken at different temperatures from 333 K to 78 K. While the room temperature spectrum is mainly dominated by a broad asymmetrical peak at 2.195 eV, two distinct emission lines appear (Stokes and anti-Stokes phonon sidebands as discussed before) at the lower temperatures with a strongly narrowed and energetically shifted ZPL emission. As seen in Fig. 2(b) , the detuning between the sidebands and the ZPL emission reduces almost linearly as the temperature is increased (See supplementary information). This can be explained by the positive thermal expansion coefficient of the hBN crystal along c-axis [20] , which increases the interlayer spacing and, therefore, reduces the energy of the low-energy E 2g phonon mode. A very similar temperature dependent behaviour of this mode is reported in Raman scattering experiments [15, 17, 18] but has not been observed in an emission spectrum of a single defect in hBN before.
In addition to the properties of the optical phonon sidebands, we also investigated the effect of temperature on the spectral properties of the ZPL emission. Figure 2 (b) shows the temperature dependent linewidth with a strong narrowing at the lower temperatures. Due to the spectral resolution of the micro-PL setup, the FWHM values below 100 K were deconvoluted with the instrument response function. The linewidth at 78 K is extracted as 172 µeV, which is even narrower than the reported values at 5 K for defects in hBN [7] and defects in diamond (i.e., silicon or chromium vacancies) [21, 22] . However, it is still broader than the temperature-independent natural linewidth for a typical ZPL emission of a defect in hBN reported as <0.35 µeV for a lifetime of 2 ns) [7] .
At finite temperatures, the spectral diffusion and the acoustic phonon sidebands broaden the lineshape of the ZPL emission from quantum emitters in solid crystals [ [21] [22] [23] [24] . The temperature dependent linewidth of the ZPL emission from semiconductor quantum dots [25, 26] and defect centers in diamond [22, 27] were studied with the phonon assisted theoretical frames. Recently, the linewidth of ZPL from defects in hBN were investigated by an effective single frequency phonon-mediated mechanism [7] or employing excitonic states for emission near band gap of hBN [9] .
Here, the temperature dependent behavior of ZPL linewidth is studied with a phonon assisted broadening mechanism with continuum of phonon modes interacting with the deep and isolated electronic states of a single defect. The broadening of the ZPL is considered through the phonon processes involving linear and quadratic electron-phonon coupling terms which is valid for systems exhibiting weak interaction with acoustic phonons [28] . Considering the density of states in 2D (D(ω) ∝ ω) and the quadratic electron-phonon coupling, acoustic phonon modes introduce a broadening to the ZPL emission via piezoelectric coupling (V (ω) ∝ 1/ √h ω) proportional with T and deformation potential (V (ω) ∝ hω/ √h ω) with T 5 (See ref. [29] and supplementary information for details). The PL spectra from the sample were taken well below the Debye temperature [30] , which justifies a constant contribution from the the linear electron-phonon coupling to broadening [29] . Therefore, the temperature dependent linewidth of ZPL emission from a defect in hBN is obtained as;
where the first term has the contribution from the both natural linewidth of the ZPL and the linear electronphonon coupling while the second and third terms represent the contributions from the quadratic electron phonon coupling by piezoelectric coupling and deformation potential. The solid line in Fig. 2 (c) is a fit to the measured linewidth data using the Equation 1, which shows a good agreement. The natural linewidth Γ 0 of the emission is, thus, estimated as 0.83 µeV.
The energy of the ZPL has also a strong temperature dependence as observed on the emission spectra. This behavior was also observed for several types of single quantum emitters in solids, such as semiconductor quantum dots [25, 26] and defects in diamond [22, 27] . Recently, a red shift of the ZPL from the defects in hBN were reported due to the lattice contraction [7] or fluctuating fields with the other nearby defects [31] . In the latter, the temperature dependent lineshift was analyzed with the model used for defects in a sp 3 carbon 3D lattice (diamond) [21, 22, 27] . In order to understand the red shift that is observed in Fig. 2(a) , we consider the coupling to the LA phonons through deformation potential and piezoelectric coupling with the density of states in 2D. The lowest non-vanishing contribution from the electronphonon interaction to the lineshift is the quadratic coupling term [29] , which is calculated as proportional to T and T 3 for piezoelectric coupling and deformation potential, respectively. The solid line in the Fig. 2 (d) represents the fit to the experimental data with the function given as Λ(T ) = cT +dT 3 . As seen, the phonon-mediated mechanism describes the lineshift behaviour very well (see Supplementary Information for the details) .
Finally, the lineshape of the ZPL emission at a finite temperature is modeled with the linear electron-phonon coupling theory, which is shown to be valid as long as the electron-phonon interaction is small [28, 32] at low temperatures. Phonon assisted modeling of the lineshape was widely used to study the emission spectrum from quantum dots [25, 26, 33] , defect centers in diamond [28, 34] and more recently point defects in hBN [11] . Here, the lineshape is calculated up to two-phonon process (O(S 2 )) with ZPL, one-phonon line (OPL), and two-phonon line (TPL). The lineshape function is given as the overlap of the initial and final vibrational states [29] :
where n
α is the occupation number of the phonon mode α. The frequency of the emitted photon is given bȳ hω ij,nn ′ = E in − E jn ′ which is the energy difference between the excited defect state i in phonon state {n α } and the ground j in phonon state {n ′ α }. In linear coupling model this energy difference is equal tohω ij,nn ′ = hω ZP L +(n−n ′ )hω, wherehω ZP L is zero phonon line energy. Here also a thermal averaging is performed over the initial phonon states. The lattice oscillator overlaps for different modes can be expressed in terms of Huang-Rhys factors S α as [32] :
Finally, the lineshape function defined in Eqn. (2) is obtained as:
From the above expression, the ZPL is calculated to the second order in Huang-Rhys factor as follows:
where S(ω) is the energy dependent Huang-Rhys factor and n(ω) is the Bose-Einstein distribution function. Similarly, emission part of the OPL is given as;
The absorption part of the OPL is calculated by replacing the n(ω) terms with (n(ω)−1) in the G 1 function (see Fig.1 in supplementary information for details) . Finally, the TPL function (G 2 ) is obtained from the convolution of the OPL with only O(S) terms.
To produce a lineshape that fits to the measured spectrum, the discrete phonon peaks are replaced with the convolution of the ZPL (G 0 ) lineshape. Additionally, the lineshape is calculated up to a maximum phonon energy of k B T , where k B is Boltzman constant and T is the temperature at which the data was taken. The HuangRhys terms for the phonons with the frequency of ω α is given as S α ∝ 1/ω α for the deformation potential while it is S α ∝ 1/ω 3 α for the piezoelectric coupling. The effect of the piezoelectric coupling is observed to be weak compared to the deformation potential and therefore it is ignored. Figure 3 (a) shows the experimental spectrum (symbols) obtained at 93 K and the result of the fit with the theoretical lineshape including up to two phonon processes with O(S 2 ) and considering the phonon sidebands from LA phonons. As seen from the figure, the dominant contribution to the lineshape is due to the ZPL while the OPL and the TPL contribute mainly to the lineshape on the tails of the emission spectrum. The fraction of the ZPL (known as the Debye-Waller factor) within the total emission lineshape is calculated approximately by using G 0 /(G 0 + G 1 + G 2 ), where the terms in the demonimator have contributions from the phonon-sidebands due to LA phonons. We note that, at low temperatures (<124 K) the occupation of the optical phonons [15] is negligible and the weak contribution from the sidebands are ignored for the calculation of the ZPL fraction. Therefore, a ZPL fraction of 0.39 is calculated at 93 K. To determine the temperature dependence of the Debye-Waller factor, the emission lineshape is modeled for temperatures from 78 K to 123 K (See figure S2 in supplementary information) . The emission lineshape above this temperature could not be obtained with the theoretical model given above due to limitation of the two-phonon processes. Figure 3 (b) shows the ZPL fractions obtained from each spectrum, which tends to decrase linearly within the measured temperature range. From the extrapolation of the linear behaiour, the Debye-Waller factor at T = 0 K is estimated as 0.59, which is much less than previously reported values defects in hBN [7, 11] .
In conclusion, temperature dependent spectral properties of a single defect in hBN are investigated both experimentally and theoretically. It is shown the linear and quadratic electron-phonon coupling with acoustic phonons via the deformation potential and the piezoelectric coupling play significant role on the linewidth, lineshift, and lineshape of the ZPL emission. We found that the linewidth of ZPL varies with T + T 5 while its energy shifts with T + T 3 . In particular, the temperature dependent lineshape analysis of the ZPL has enabled to calculate the Debye-Waller factor as low as 0.59 at 0 K. Finally, in addition to the ZPL, optical phonon sidebands assisted by the emission (Stokes) and absorption (anti-Stokes) of the low-energy Raman active E 2g phonon mode is observed for the first time from a low temperature PL spectrum of a single defect in hBN.
Supplemental Information for The effect of electron-phonon interactions on the spectral properties of single defects in hBN A typical emission process from a defect in hBN is shown in Fig. S1 . The transitions for the zero-phonon line and the phonon sidebands are labelled as G 0 and G −2,−1,1,2 , respectively. 
TEMPERATURE DEPENDENT BROADENING AND LINESHIFT OF ZPL
The temperature dependent broadening and shift of the ZPL energy can be determined by considering the coupling of low energy LA phonons to the electronic states of the defect. The linear electron-phonon coupling terms introduce a linear temperature dependence to the linewidth as [1] :
where S α0 is the Huang-Rhys factor for the phonon with the frequency of ω α , k B is the Boltzmann constant. The integral form of the above-equation can be written as:
where S(ω) is Huang-Rhys factor D(ω) is density of states, n(ω) is the Bose-Einstein distribution function, and ω M is the maximum phonon frequency. Considering the coupling to LA phonons through deformation potential (V (ω) ∝ ω/ √ ω) and piezoelectric coupling (V (ω) ∝ 1/ √ ω) with Huang-Rhys parameter S(ω) = (V (ω)/ ω) 2 ) and the density of states in 2D (D(ω) ∝ ω), the contribution to the broadening from linear electron-coupling terms becomes T 3/2 and T 1/2 , respectively.
The quadratic electron-phonon coupling results in a temperature dependent broadening of the ZPL as [1] :
where V q is the electron-phonon coupling parameter. Alternatively the integral form of the Equation 3 is:
Considering the coupling to LA phonons through deformation potential with the density of states in 2D, the contribution to the broadening of the ZPL from the quadratic electron-phonon coupling is derived as:
Additionally, the coupling of LA phonons through piezoelectric coupling with the density of states in 2D, the contribution to the broadening of the ZPL from the quadratic electron-phonon coupling is derived as:
The general temperature dependence of the width from the emission centered at ZPL becomes:
However, second and third terms approaches to a constant value at low temperatures. In Figure S3 , fits to the experimental FWHM data with the only quadratic electron-phonon coupling terms and linear plus quadratic coupling terms are shown. Both models represent the experimental data quite efficiently. Therefore, temperature dependence of the FWHM is modelled by considering only the quadratic electron-phonon coupling terms. The lowest non-vanishing contribution from the electron-phonon interaction to the lineshift is the quadratic coupling which is given as [1] :
Similarly, considering the coupling to LA phonons through deformation potential and piezoelectric coupling with the density of states in 2D, the temperature dependence of the lineshift becomes Λ(T ) = cT + dT 3 . Figure S4 (a) shows the experimental (symbols) spectral lineshape obtained at 78 K, 103 K, 113 K, 123 K and the result of the fitting with the theoretical lineshape given in the main text including up to two phonon process involving the phonon sidebands from LA phonons coupled to electronic states through deformation potential.
TEMPERATURE DEPENDENT LINESHAPE ANALYSIS OF ZPL

